In the classroom. Suppose Of course, the same proof works for every prime . To prove that √ is irrational, replace 2 by and "even" by "divisible by ."
You wonder whether your students understand this principle. After all, it is not clear that for a student the notions of "even" and "divisible by " are similar. After you prove the irrationality of √ 2 in class, you ask your students to prove that √ 3 is irrational.
One student's proof starts by distinguishing the cases of and even or odd. This cannot be correct, you think, but before you write a big red zero on the paper, you read the rest of the proof. 
Suppose that

Problem.
For which odd numbers can we prove that √ is irrational using the "even-odd" method?
Let us translate the "even-odd" method into the rigorous language of mathematics.
Assume that √ = / with ( , ) = 1. Then
Depending on whether is even or odd, we write = 2 or = 2 + 1; depending on whether is even or odd, we write = 2 or = 2 + 1 We substitute those expressions in (1). This gives us 4 possibilities. Some of them lead immediately to a contradiction (an even number equals an odd number), some of them may require further analysis. "Further analysis" means that we continue the same procedure with , instead of , , that is, may be even or odd and may be even or odd. Repeating this procedure ℓ times amounts to considering 2 2ℓ possibilities (although some may be ruled out earlier in the process):
and ≡ (mod 2 ℓ ) for some ∈ {0, 1, . . . , 2 ℓ − 1}. In fact, many cases are ruled out because and are odd.
Thus, our proof is successful if, for some ℓ ≥ 1, all possibilities are ruled out, that is, the equation
has no solutions in odd , . When solutions exist, we continue to ℓ + 1.
Since is odd, it has an inverse modulo 2 ℓ . Multiplying both sides of (2) by the square of this inverse, we get 2 ≡ (mod 2 ℓ ). We see that our problem is equivalent to the following:
For which odd is there an ℓ ≥ 1, such that for every we have 2 ∕ ≡ (mod 2 ℓ )?
Solution. As we have noticed already, the "even-odd" method works if ≡ 3, 5, 7
(mod 8). We can also see this by observing that 2 ≡ 1 (mod 8) for all odd . We will show that it does not work if ≡ 1 (mod 8). That is, we show that if ≡ 1 (mod 8) then for every ℓ ≥ 1 there is such that 2 ≡ (mod 2 ℓ ), and the "even-odd" proof will never terminate.
Let ≡ 1 (mod 8). Then for = 1 we get ≡ 2 (mod 2 ℓ ) for ℓ = 1, 2, 3. Now we apply induction. Namely, we show that if ℓ ≥ 3 and ≡ 2 (mod 2 ℓ ) then either 
Conclusion.
To check whether your students understand the proof of irrationality of √ 2, ask them to prove that √ 17 is irrational.
